We define notions of higher order spectra of a complex quasi-projective manifold with an action of a finite group G and with a G-equivariant automorphism of finite order, some of their refinements and give Macdonald type equations for them.
Introduction
The (Hodge) spectrum was first defined in [17, 18] for a germ of a holomorphic function on (C n , 0) with an isolated critical point at the origin. It can be also defined for a pair (V, ϕ), where V is a complex quasi-projective variety and ϕ is an automorphism of V of finite order: [4] . (The spectrum of a germ of a holomorphic function is essentially the spectrum of its motivic Milnor fibre defined in [4] .)
Traditionally the spectrum is defined as a finite collection of rational numbers with integer multiplicities (possibly negative ones) and therefore as an element of the group ring Z[Q] of the group Q of rational numbers. Let K Z 0 (Var C ) be the Grothendieck group of pairs (V, ϕ), where V is a quasi-projective variety and ϕ is an automorphism of V of finite order (with respect to the disjoint union). The group K Z 0 (Var C ) is a ring with the multiplication defined by the cartesian product of varieties and with the automorphism defined by the diagonal action. The spectrum can be regarded as a group homomorphism from K 
(Here and below we consider the additive Euler characteristic defined as the alternating sum of the dimensions of the cohomology groups with compact support.) A Macdonald type equation for an invariant is an expression for the generating series of the values of the invariant for the symmetric powers of a space (or for their analogues) as a series not depending on the space in the power equal to the value of the invariant for the space itself. For some generalizations of the Euler characteristic (with values in certain rings) the Macdonald type equations can be formulated in terms of the so-called power structures over the rings ( [7] ) which can be defined through (pre-)λ-ring structures on them. The group ring Z[A] of an abelian group A has a natural λ-structure. The spectrum of a pair (V, ϕ) as an element of Z[(Q/Z) × Z] satisfies a Macdonald type equation.
For a complex quasi-projective manifold V with an action of a finite group G and with a G-equivariant automorphism ϕ of finite order, one can define the notion of an orbifold spectrum as an element of the group ring Z[Q]: [6] . This spectrum takes into account not only the logarithms of the eigenvalues of the action of the transformation ϕ on the cohomology groups, but also the socalled ages of elements of G at their fixed points (both being rational numbers). Algebraic manipulations with these two summands are different. The first ones behave as elements of Q/Z, whereas the second ones -as elements of Q. This explains why the existence of a Macdonald type equation for this spectrum is not clear. One can consider refinements of the orbifold spectrum as elements
The last notion is equivalent to the notion of the equivariant orbifold Hodge-Deligne polynomial.
We define higher order spectra of a triple (V, G, ϕ) with a quasi-projective G-manifold V , some of their refinements and give Macdonald type equations for them. 
Let R be a commutative ring with a unit. A λ-ring structure on R (sometimes called a pre-λ-ring structure; see, e.g., [13] ) is an "additive-to-multiplicative" homomorphism λ :
The notion of a λ-ring structure is closely related to the notion of a power structure defined in [7] . Sometimes a power structure has its own good description which permits to use it, e.g., for obtaining formulae for generating series of some invariants. A power structure over a ring R is a map (1+T
possessing all the basic properties of the exponential function: see [7] . A λ-structure on a ring defines a power structure over it. On the other hand there are, in general, many λ-structures on a ring corresponding to one power structure over it.
The group ring Z[A] of an abelian group A can be considered as a λ-ring. The λ-ring structure on Z[A] is natural and must be well known. However, we have not found its description in the literature. Therefore we give here a definition of a λ-structure on the ring Z[A]. (A similar construction was discussed in [8] for the ring of formal "power" series over a semigroup with certain finiteness properties.)
The group ring Z[A] can be regarded as the Grothendieck ring of the group semiring S[A] of maps of finite sets to the group A. Elements of S[A] are the equivalence classes of the pairs (X, ψ) consisting of a finite set X and a map ψ : X → A. (Two pairs (X 1 , ψ 1 ) and (X 2 , ψ 2 ) are equivalent if there exists a one-to-one map ξ :
is the Grothendieck ring of the semiring S[A]. Elements of the ring Z[A] are the equivalence classes of maps of finite virtual sets (i.e. formal differences of sets) to A. For a pair (X, ψ) representing an element a of the semiring S[A], let its nth symmetric power S n (X, ψ) be the pair (S n X, ψ (n) ) consisting of the nth symmetric power S n X = X n /S n of the set X and of the map
ψ(x i ). One can easily see that the series 
where ∆ is the big diagonal in M i n i (consisting of ( n i )-tuples of points of M with at least two coinciding ones), the group i S n i acts on (
where y i respectively (cf. [7, Equation (1)]); a similar construction for the Grothendieck ring of quasi-projective varieties with maps to an abelian manifold was introduced in [15] ).
The ring R[z 1 , . . . , z n ] of polynomials in z 1 , . . . , z n with the coefficients from a λ-ring R carries a natural λ-structure: see, e.g., [13] . The same holds for the ring R[z 1/m 1 , . . . , z 1/m n ] of fractional power polynomials in z 1 , . . . , z n . In terms of the corresponding power structure one can write
n . The ring R(G) of representations of a group G is regarded as a λ-ring with the λ-structure defined by
where ω is a representation of G, S n ω is its nth symmetric power. Definition 1 (see, e.g., [4] ) The (Hodge) spectrum hsp(V, ϕ) of the pair (V, ϕ) is defined by
The spectrum hsp(V, ϕ) can be identified either with the fractional power polynomial (Poincaré polynomial)
or with the equivariant Poincaré polynomial
where 
is not a ring homomorphism. Therefore a natural Macdonald type equation for the spectrum is formulated in terms of the equivariant Poincaré polynomial e (V,ϕ) (t). Moreover, a stronger statement can be formulated in terms of the equivariant Hodge-Deligne polynomial of the pair (V, ϕ).
Definition 2 ([5]
, see also [16] ) The equivariant Hodge-Deligne polynomial of the pair (V, ϕ) is
One has e (V,ϕ) (t) = e (V,ϕ) (t, 1). Let S n V be the nth symmetric power of the variety V . The transformation ϕ : V → V defines a transformation ϕ (n) : S n V → S n V in a natural way.
Theorem 1 One has
where the RHS of (1) is understood in terms of the power structure over the ring
The proof is essentially contained in [3] where J. Cheah proved an analogue of (1) for the usual (non-equivariant) Hodge-Deligne polynomial. Theorem 1 can be deduced from the arguments of [3] by taking care of different eigenspaces.
Theorem 1 means that the natural map
Corollary 1 One has
where the RHS of (2) is understood in terms of the power structure over the ring
3 The orbifold spectrum and the equivariant orbifold Hodge-Deligne polynomial
Let V be a complex quasi-projective manifold of dimension d with an action of a finite group G and with a G-equivariant automorphism ϕ of finite order. One can say that the notion of the orbifold spectrum of the triple (V, G, ϕ) is inspired by the notion of the orbifold Hodge-Deligne polynomial: [2] . Let G * be the set of conjugacy classes of elements of G. For an element g ∈ G, let V g = {x ∈ V : gx = x} be the fixed point set of g, let C G (g) = {h ∈ G : h −1 gh = g} ⊂ G be the centralizer of g. The group C G (g) acts on the fixed point set V g . Let ϕ be the transformation of the quotient V g /C G (g) induced by ϕ. For a point x ∈ V g the age of g (or fermion shift number) is defined in the following way ( [19, Equation (3.17) g is a union of components of the latter one.)
Definition 3 (cf. [6] ) The orbifold spectrum of the triple (V, G, ϕ) is
As above the spectrum hsp orb (V, G, ϕ) can be identified with the orbifold Poincaré polynomial
It can be regarded as a reduction of the equivariant orbifold Poincaré polynomial
or of the equivariant orbifold Hodge-Deligne polynomial
As it was explained above, the presence of (rational) summands of different nature -elements of the quotient Q/Z and elements of Q itself -leads to the situation when the existence of a Macdonald type equation for the orbifold spectrum (and for the orbifold Poincaré polynomial) is doubtful. On the other hand there exist Macdonald type equations for the equivariant orbifold Poincaré polynomial and for the equivariant orbifold Hodge-Deligne polynomial (see Section 4) . This inspires the definition of the corresponding versions of spectra.
Definition 4
The orbifold pair spectrum hsp
The orbifold triple spectrum hsp
Higher order spectrum and equivariant HodgeDeligne polynomial
The notions of the higher order spectrum of a triple (V, G, ϕ) and of the higher order equivariant Hodge-Deligne polynomial of it are inspired by the notions of the higher order Euler characteristic ([1], [11] ) and of the corresponding higher order generalized Euler characteristic ( [9] ). Let (V, G, ϕ), V g β and ϕ be as in Section 3 and let k ≥ 1.
Definition 5
The spectrum of order k of the triple (V, G, ϕ) is
where
The orbifold spectrum is the spectrum of order 1.
Like above the spectrum of order k can be described by the corresponding order k Poincaré polynomial:
where p
(1)
. It can be regarded as a reduction of the equivariant order k Poincaré polynomial
or of the equivariant order k Hodge-Deligne polynomial
The following definition is an analogue of the definition of the orbifold pair and triple spectra in Section 3.
Definition 6
The pair spectrum of order k of (V, G, ϕ) is
The triple spectrum of order k of (V, G, ϕ) is
The following statement is a Macdonald type equation for the equivariant order k Hodge-Deligne polynomial. For n ≥ 1, the cartesian power V n of the manifold V is endowed with the natural action of the wreath product G n = G ≀ S n = G n ⋊S n generated by the componentwise action of the cartesian power G n and by the natural action of the symmetric group S n (permuting the factors). Also one has the automorphism ϕ (n) of V n induced by ϕ. The triple (V n , G n , ϕ (n) ) should be regarded as an analogue of the symmetric power of the triple (V, G, ϕ). Example. Let f (z 1 , . . . , z n ) be a quasihomogeneous function with the quasiweights q 1 , . . . , q n (and with the quasi-degree 1) and let G ⊂ GL(n, C) be a finite group of its symmetries (f (gz) = f (z) for g ∈ G). The Milnor fibre M f = {f = 1} of f is an (n − 1)-dimensional complex manifold with an action of a group G and with a natural finite order automorphism ϕ (the monodromy transformation or the exponential grading operator):
s be the affine space with the coordinates z
n ) = 1, for j = 1, . . . , s} is the sth cartesian power of the Milnor fibre M f of f and has a natural action of the wreath product G s . The spectrum of a complete intersection singularity is defined by a choice of a monodromy transformation. A natural monodromy transformation on M is the sth cartesian power ϕ Theorem 2 Let V be a (smooth) quasi-projective G-manifold of dimension d with a G equivariant automorphism ϕ of finite order. One has
where the RHS is understood in terms of the power structure over the ring
Proof. In [10] , there were defined equivariant generalized higher order Euler characteristics of a complex quasi-projective manifold with commuting actions of two finite groups G O and G B as elements of the extension K 
